Based on a general formulation for discrete-time quantum mechanics, introduced in 1], symmetries in discrete-time quantum mechanics are investigated. It is shown that any classical continuous symmetry leads to a conserved quantity in classical mechanics, as well as quantum mechanics. The transformed wave function, however, has the correct evolution if and only if the symmetry is nonanomalous.
O Introduction
Discrete-space-time physics is an old tradition originated in solid-state physics. This has been the starting point for lattice physics. On the other hand, continuous-space-time eld theory has still some problems, not only from the mathematical but also from the computational point of view. The rst kind of problem is, essentially, the lack of an exact de nition for functional integration, and the problem of ultraviolet divergences in interacting eld theories ( 2] , for example). The second kind of problem is related to the fact that most of the numerical results of eld theory are in fact perturbative results. A promising answer to this kind of problem seems to be lattice eld theories, specially lattice gauge theories 3]. These theories, however, are interesting not only as an approximation for continuous-space-time theories, but also as independent models 4-8].
Another problem, very much related to the above problems, is the lack of a consistent theory of quantum gravity. In the context of quantum gravity, there arises a natural scale for space-time, the Planck scale, and it seems plausible that something new should happen at this scale. In string theories, this scale is the size, or the tension, of the string 9]. One can also use this scale as the size of a possible space-time lattice. in fact, there is no true reason for the continuousness of space-time: all of the measurements of space-time (direct or indirect) have a certain resolution, which is very much larger than the Planck scale. On the other hand, there are theories which force the time to be discrete ( 10, 11] , for example).
Also, there have been attempts to discretize the time in quantum mechanics ( 12] and 1], for example). is the same for S and S .
A symmetry in classical mechanics is de ned as a transformation which leaves the action invariant or, to be more general, changes the action to an action equivalent to the previous one:
S(x;ỹ) = S(x; y) + (x) ? (y):
Here too, the transformation x !x, as well as the action itself and the function , can explicitly depend on time. It is an easy task to generalize the concepts introduced here to the time dependent case. But to make everything simple and clear, the explicit time dependence is dropped. Now, suppose that the symmetry transformation has an in nitesimal form, that is, the transformation is not discrete. Writingx So (I.6) is a conservation law:
p n G(x n ) ? f (x n ) = const:
This is the discrete-time analogue of the Noether's theorem.
II Symmetry in discrete-time quantum mechanics
Consider an action which has the classical symmetry of the previous section, that is, satis es (I.6). One can write this equation for x n !x " , and x n?1 ! x. Herex " is the Heisenberg position operator in unit-step This is still not a conservation law. But taking the Hermitian conjugate of (II.5), and adding the result to (II.5), the desired conservation equation is obtained:
(II:6)
Note that the left-hand side is Hermitian and is, indeed, a physical quantity. In fact, it is a specially symmetrized form of the classical conserved quantity.
III Anomaly
A classical symmetry is said to be anomalous, if the symmetry transformation leaves the action invariant, but changes the measure of the path integral. In the previous section we saw that in discrete-time quantum mechanics, any classical symmetry leads to a conservation law. There is, however, a di erence between anomalous and non anomalous symmetries. To see this, consider the evolution equation of the wave function In this case, the conserved quantity is exactly the classical one (without need of any symmetrization).
To conclude, it was shown that, in the context of discrete-time mechanics, any classical continuous symmetry leads to a consevation law, in classical, as well as, quantum mechanics. The transformed wave function, however, does not evolve correctly unless the symmetry is not anomalous.
